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Abstract

Unsaturated soils theory can be laid out as a series of governing partial differential equations
(PDEs), allowing for the solution of complex problems, including the analysis of volume
change of expansive and collapsible soils, the design of soil cover systems, the analysis of
transient slope stability, to name only a few problems. The practical relevance of design
approaches based on PDEs has increased as a result of recent advances in computer
geotechnics and the rise of problem solving environments. This paper presents an overview
of PDEs governing the behaviour of unsaturated soils. Numerous phenomena were
considered, including air flow, liquid water and vapour water flow, static equilibrium, total
volume change, yield, heat transfer, and freeze-thawing processes. The PDEs describing
unsaturated soil behaviour may also be simplified and de-coupled, in order to neglect
processes that are unimportant in certain situations. Several degrees of de-coupling
traditionally adopted in commercially available software packages are described and the
consequences of such simplifications are explored. Finally, the use of general PDE systems
along with general purpose partial differential equations solvers is shown as the way forward.
It is envisaged that state-of-the-art problem solving environments can be used as the ultimate
tool in unsaturated soil mechanics practice.

Keywords: unsaturated soils, continuum mechanics, partial differential equation, numerical
modelling, soil-water characteristic curve.

1 Relevance of partial differential equations to unsaturated soil mechanics

Continuum mechanics and differential calculus have been traditionally used for modelling
geotechnical engineering problems. Continuum mechanics theories are often expressed in the
form of partial differential equations (PDEs) that govern the distribution of soil state variables
in space and time.

The partial differential equations governing unsaturated soil behaviour involve numerous
coupled processes with nonlinear and heterogeneous soil properties and nonlinear boundary
conditions. PDEs have been applied for the analysis of several unsaturated soil problems,
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such as volume change of expansive and collapsible soils, the design of soil cover systems,
and the transient slope stability, to name only a few problems.

The practical relevance of analyses based on PDEs has increased as a result of recent
advances in computer geotechnics and the rise of problem solving environments, PSEs. In
depth knowledge of finite element theory and other numerical formulations becomes
unnecessary when reliable PSEs are available.

In order to use a PSE effectively the analyst must understand the physics and soil properties
involved and be able to select appropriate boundary and initial conditions that reproduce field
conditions. It becomes advantageous to be able to “read” and formulate PDEs for a problem
in hand.

Figure 1 presents the elements required in order to model an unsaturated soil problem,
considering as an example a three-dimensional slope. According to the continuum mechanics
approach, unsaturated soil phenomena can be modelled as follows:

1. Identify the physical processes of concern associated with the problem in hand;
Establish the “continuous variables” acting upon a representative elemental volume
(REV) of soil;

3. Develop field equations governing the physical processes of concern by making the

assumption that the media can be considered a continuum from a macroscopic
standpoint (i.e., considering a REV of soil) and using measurable soil properties:
a. Develop conservation laws;
b. Develop constitutive laws;
c. Develop a final system of well-posed determinate partial differential equations.
4, Establish initial, internal, and boundary conditions for the problem;
5. Provide a mathematical solution of the system of PDEs.

The objective of this paper is to show how unsaturated soils theory can be laid out based on
the continuum mechanics approach described above and as a series of PDEs. An overview of
PDE’s governing the behaviour of unsaturated soils is presented along with a detailed
description of how the PDE’s can be derived. Several phenomena are considered herein,
including liquid water flow, water vapour flow, air flow, static equilibrium, total volume
change, and heat flow.

The coupling between several unsaturated soil phenomena are described in terms of the
coefficients and variables of the PDEs. The PDEs describing unsaturated soil behaviour may
also be simplified and de-coupled, in order to neglect processes that are unimportant in certain
situations. Several degrees of de-coupling traditionally adopted in commercially available
software packages are described and the consequences of such simplifications are explored.
The Cartesian coordinate system was adopted throughout the paper and all equations were
written for a general three-dimensional case. Two-dimensional conditions can be easily
obtained, as a simplification of the equations presented herein. The equations presented can
also be converted to axis-symmetric conditions by using a cylindrical coordinate system.
Though tensor notation offers an elegant and general way of presenting the differential
equations governing unsaturated soil behaviour, engineering notation was adopted. Engineers
in general are more prepared to understand the physics of soil behaviour, but may not grasp
tensor notation promptly.
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Initial conditions (transient problems): Boundary conditions:
- pore-air pressure, pore-water pressure, - pore-water pressure and/or water flow
stresses, stress history, temperature, etc. - pore-air pressure and/or air flow

Internal conditions: - displacements and/or external forces

- pore-air, pore-water, and heat sinks - temperature and/or heat flow

- body forces (gravity) - etc.
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Figure 1 Continuum mechanics approach for solving unsaturated soil problems:

problem domain subjected to initial and boundary conditions and governed by
a system of PDE’s (variables defined later in the text).

2 Assumptions traditionally adopted in the derivation of partial differential
equations governing unsaturated soil behaviour

A series of assumptions form the backdrop for the derivation of the partial differential
equations governing the behaviour of unsaturated soils. The following set of assumptions can
be considered generally valid:

1. soil phases can be described using a continuum mechanics approach;
pore-air and all of its constituents (including water vapour) behave as ideal gases;

3. local thermodynamic equilibrium between the liquid water and water vapour phases
exists at all times at any point in the soil; and

4. atmospheric pressure gradients are negligible.

In addition to the above general assumption, a number of specific simplifications can be
adopted. The following simplification limit the generality of the PDE’s presented herein, but
are valid for most conditions found in the practice of geotechnical engineering:

1. liquid water and soil particles are assumed incompressible;
2. small strain theory is valid;
3. thermal strains are negligible;
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4. osmotic pressure gradients become negligible at total suctions less than 1500 kPa;

5. temperature within the soil remains below the boiling point and above the freezing
point of water at all times;

6. hysteretic behaviour of the soil-water characteristic curve can be neglected or

approximated by taking the logarithmic average between the main drying and main
wetting curves.

The six assumptions described above may become inadequate under certain situations. For
instance, small strain theory may result in high inaccuracies for highly compressible media,
such as certain landfills and mine tailings. Water compressibility has an important impact on
the analysis of regional groundwater systems (i.e., large domains). Water flow analysis may
require the consideration of freeze and thawing for cold regions. Also, thermal strains may be
of interest in specific design conditions, such as confined clay buffers used for underground
radioactive waste disposal.

Other simplifying assumptions are acceptable for numerous practical problems but are not
adopted herein. Some of these assumptions are as follows:

1. the air phase may be assumed as in permanent contact with the atmosphere (i.e., pore-
air pressure gradients are negligible);

2. dissolution of air into the liquid water phase may be neglected;

3. overall volume change may be neglected in air and water flow analyses;

The description of typical assumptions presented in this section is not exhaustive. Additional
assumptions associated with the development of constitutive relationships will be described
along this paper.

3 Stress state variables

Appropriate stress state variables must be used, that are able to accommodate the
characteristics of a multi-phased continuum, such as an unsaturated soil. Fredlund and
Morgenstern (1977) presented a theoretical justification for the use of two independent stress
state variables.

The stress state variables for an unsaturated soil are made of possible combinations of the
total stress, o, the pore-air pressure, U,, and the pore-water pressure, U,. The net stress, (o —
Uy), and matric suction, (U, — Uy), are normally used. Tensors for the two independent stress
variables can be written as follows:

Ox —Ua Txy Txz Ug —Uy 0 0
Tyx Gy —U, Tyz and 0 Uy — Uy 0 (1)
Tox Tay G, —Uy 0 0 Uy — Uy
where:
Gi = normal stress acting on the i plane, on the i direction;
Tij = shear stress acting on the i plane, on the j direction.

The net stress and matric suction tensors reduces to a single stress variable (i.e., effective
stress) for saturated conditions, providing an approach consistent with that traditionally used
in saturated soil mechanics (Terzaghi, 1943). The two stress state variables above are used
throughout this paper.
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4 Differential conservation equations for unsaturated soils

Three fundamental conservation laws are generally required in order to establish governing
equation for unsaturated soils; namely, conservation of momentum; conservation of mass; and
conservation of heat. A continuum mechanics framework is employed herein, resulting in the
use of differential calculus to represent these fundamental conservation laws. The assumption
that the wvariables involved are continuous is assumed valid from a macroscopic,
phenomenological standpoint.

4.1 Conservation of linear and angular momentum

The distribution of total stresses within an unsaturated soil is governed by the static
equilibrium of forces. Stresses acting in each face of a REV can be decomposed as the
normal and shear components in the X, y, and z-directions, as shown in Fig. 2. According to
the convention adopted herein, the stresses shown in Fig. 2 are all positive. The balance of
angular momentum, taken with respect to any axis, shows that the Cauchy tensor (Eq. 1) must
be symmetric (i.e., Tjj = 7ji). The balance of linear momentum (i.e., the equilibrium of forces)
results in the PDE’s governing static equilibrium of forces (Chou and Pagano, 1992). The
equilibrium equations, in Cartesian coordinates, are as follows:

0c ot ot
Px N T

+F,=0
OX oy oz
ot 0c, Ot
2T EiE =0 )
OX oy oz
%4,&4.&4_ FZ =0
OX oy oz
where:
Fi = body force acting on the i direction.
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¥ /—></ )T, +—dx
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Txz ! E 12 G, + < dx
o Ty Y 0
0‘ : ’i: ‘—
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dy - Z *
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Figure 2 Soil representative elemental volume and stresses acting on the REV faces

(stresses at the negative z-face are not shown for clarity).
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The same equations above can be obtained by defining an arbitrary finite body and utilizing
the divergence (or Gauss) theorem. It is important to point out that pore-water and pore-air
pressures have no direct role in the equilibrium of forces acting upon the faces of an
unsaturated soil REV. However, the partitioning of total forces into total stresses, pore-water,
and pore-air pressures will depend on the relative compressibility of each soil phase.

4.2 Conservation of mass and heat energy

Differential equations for the conservation of mass of water, mass of air, and heat can be
developed by considering a REV of soil (Fig. 3). The equations of conservation can be
derived by taking the flow rates in and out of the REV and equating the difference to the rate
of change of mass or heat stored in the REV with time. The following differential equations
are obtained by considering three-dimensional flow conditions:

gy Ay gy 1 oM,

—-—=——-————==———(conservation of mass of pore-water) 3)
OX oy oLV, ot
a pg@ a M
- 8q_x - & _ o4 = La—a (conservation of mass of pore-air) 4)
ox oy o0 V, ot
h h h
oqy O 10 .
_ % i _ %2 = —& (conservation of heat) %)
ox oy oL V, ot
where:
g"? = total water and air flow rate in the i-direction across a unit area of
the soil, kg/m2 s;
g = pi" keg/m’s;
g = pavi kgm’s;
Pw = density of water, ~ 1000.0 kg/m®;
Pa = density of air, kg/m3;
v @ = water and air flow rate in the i direction across a unit area of the
soil, m/s;
Vo = referential volume, V, = dxdydz, m®;
aq,
q, +—_-dy
o
1 % q, + A dz
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Figure 3 Soil representative elemental volume and fluxes g at the REV faces.
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My, a = mass of water and air within the representative elemental volume,
kg;

t = time, s;

qih heat flow rate in the i direction per unit of total area, J/(m’s);

Qn heat within the representative elemental volume, J.

The total water flow rate, V", also known as specific discharge, is a macroscopic measure of
flow rate through soils. A measure of the average actual flow velocity for a saturated soil can
be obtained by dividing V¥ by the soil porosity (n = V,/V). The total flow rate, v, may take
place as liquid water and/or water vapour flow, as will be explained in the next sections. The
average actual air flow velocity for a completely dry soil can be obtained by dividing V2 by the
porosity. The total air flow rate, V¥, may take place as free air and/or air dissolved in liquid
water, as will be explained in the next sections. Heat flow may take place by conduction,
convection, or latent heat consumption. The mechanisms of air, water, and heat flow within
unsaturated soils will be described in details later in this paper.

5 Strain-displacement relationships and compatibility equations

The classical definition of strain can be applied to an unsaturated soil body. The normal strain
in a given direction, ¢, is defined as the unit change in length (change in length per unit
length) of a line which was originally oriented in the given direction. Shear strain, vy, is
defined as the change in the right angle between reference axes, measured in radians (Chou
and Pagano, 1992). The relationships between the normal and shear strains and the
displacement in the X-, y-, and z-direction are as follows:

. = ou . = ov .. = ow )
T YTy T ©)
v _8u+6v . _8u+6w v _ovoow ;
Yoy T T T T T ey )
where:
€ = normal strain in the i-direction;
Yij = shear strain with respect to the i and j reference axes;
u,v, w = displacement in the X-, y-, and z-direction, respectively.

The relationships above are obtained by making the assumption of small strains (i.e.,
neglecting the product of two or more derivatives of displacement). The assumption of small
strains adopted herein applies to most engineering problems. Small strain formulations may
be applied to large strain problems if geometry updating is performed along with an
incremental analysis (Cook, 1981).

In addition to the strain-displacement relationships, strain compatibility equations can be
derived (Chou and Pagano, 1992). The geometric significance of the strain compatibility
equations rests in the fact that a strain field that does not satisfy the compatibility equations
may result in “gaps” in the continuum. Nevertheless, compatibility equations are irrelevant
because the continuous displacement functions generally used automatically satisfy the
compatibility equations.

6 Constitutive laws for unsaturated soils

The modelling of unsaturated soil behaviour requires constitutive laws for stress-strain
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behaviour, volume change of the pore-air and pore-water phases, and flow of pore-water,
pore-air, and heat. Constitutive laws must be combined with the conservation laws in order to
render the governing equations determinate.

Constitutive laws are generally established based on the phenomenological observation of the
relationships between the state variables. Most constitutive laws for unsaturated soil are
defined based on nonlinear soil properties (i.e., stress state dependent). The term unsaturated
soil property function is used herein to refer to the function describing the relationship
between a soil property and the stress state variables (6 — Uy) and (U — Uy).

6.1 Stress-strain relationship

Numerous stress-strain relationships have been proposed for unsaturated soils, mostly as
extensions of existing models for saturated soils. Figure 4 presents an overview of some
types of stress-strain relationships available in the literature. The most popular stress-strain
models available can be classified as either elastic or elastoplastic models. Visco-elastoplastic
and other types of models that have not received much attention in unsaturated soils
modelling have not been included in Fig. 4.

Regardless of the model adopted, most elastic and elastoplastic stress-strain relationships for
unsaturated soils can be written in the following generic format:

de=D"'d(c—u,8)+Hd(u, —uy) ®)
d(6—-u,0)=Dde—hd(u, —uy) 9)
where:
d indicates increment;
T _

= [ex &y & Yy Vxe Yyl

Stress-strain models for saturated
and unsaturated soils

v v

Non associated flow rules Non associated flow rules

Isotropic models
Isotropic hardening

Elastic Elastoplastic

models models
—»- Linear models Perfect plastic Hardening

. models models
l—p Nonlinear models
—» E-p models
Associated flow rules Associated flow rules

—» K-G models
—>-
—>

Anisotropic models Tresca, Von Mises,
Mohr-Coulomb,

Druker-Prager,
Spatially Mobilised Plane,

) Kinematic hardening
Generalised Hooke's law,

State surface, i Cam-Clay,
Stress-induced anisotropy, etc... Modified Cam-Clay,
Hyperbolic model, Barcelona Basic Model,
etc... etc...

Figure 4 Stress-strain constitutive models for saturated and unsaturated soils.
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D, H = constitutive matrices;

P Dy Dy Dy Dy Dsy Dgyl
Dis Dys D35 Dys Dss Dgs
| Dis Das Ds3s Dass Dsg D
H' = [Hy Hy H; Hy Hs Hgl;
h -  DH;
h’ = [h hy hy hy hy hel;
o' = [ox Oy O Ty Txx Tyl
s7 110 0 0].

The bold characters indicate matrices and vectors. The superscript (") designates a transposed
matrix. Some matrices were written in the transposed form for convenience.

6.1.1 Elastic models

Elastic models for unsaturated soils (left branch in Fig. 4) are usually based on extensions of
Hooke’s law (Fredlund and Morgenstern, 1976), using the two stress state variables, (G — U,)
and (U; — Uy):

1 1
dey == d(o —ua)—%d(cy +07 = 205) + - d(Ug ~Uy)

1 1
dey =—d(oy —Uy) —=d(oy +0, —2Uy) +—d(Us —Uy)
E E H 10

1 1
ng :Ed(GZ—Ua)—%d(GX +Gy—2Ua)+Fd(Ua—UW)
d L d d L d dd L d
Vxy = G Txy> UYxz = G Txz > and Qyy; = G Tyz

where:

= Young modulus;

Poisson’s ratio;

= elastic modulus for soil structure with respect to suction change;
= shear modulus, G =E/2(1-p) .

OI= m
|

The constitutive matrices D, H, and h corresponding to Eq. (9) can be promptly written.
Some nonlinear strain characteristics can be accounted for by using incremental analysis and
the state surface concept (Matyas and Radakrishna, 1968). Using coefficients of
compressibility obtained from the volume the void radio state surface, the values of E and H
can be obtained for each incremental step as follows:

3(1-2p)
E=2 <)
o (an
3
H=—"
e (12)
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where:
s _ dey _ 1 de :
! d(Omean —Ua) 1+€y d(Smean —Ua)
s _ dey, 1 de )
2 d(uy —uy) 1+ep d(uz —uy)
dv
de, = -
Vo
_ s s .
dey = mld(cmean _Ua)"’mzd(ua_uw)a
Gmean = total mean stress, Gmean = (Ox + Oy + G,)/3;
€ = initial void ratio;
e = state surface for void ratio, € = f(Gimean — Ua, Ua — Uy)-

Equations (11) and (12) are based on the assumption that the volume change of unsaturated
soils is a function of changes in net mean stress and soil suction. Equation (11) alone does
not provide a way of computing p. The value of Poisson’s ratio must be estimated or
obtained from other means. For instance, p can be obtained through triaxial or oedometric
tests with measurement of lateral strains of lateral stresses, respectively.

The stress-induced anisotropy notably found in highly collapsible soils can be considered by
using a stress-dependent Poisson’s ratio and anisotropy coefficients applied to the H; modulus
(Pereira and Fredlund, 2000). Shear strength can be addressed by using a hyperbolic curve
(Duncan and Chang, 1970) for the unsaturated soil Young modulus near failure. FElastic
models can be considered generally appropriate for the analysis of monotonic net stress and
suction paths. However, elastic models may not be accurate when non-monotonic paths take
place because the distinction between recoverable and irrecoverable strains is not considered.

6.1.2 Elastoplastic models

Elastoplastic models (right main branch in Fig. 4) may be employed in order to address
features of soil behaviour such as yield and irrecoverable strains. Most elastoplastic models
found in the literature are generally based on the same fundamental principles, but use
different yield criteria, flow rules, and compressibility functions. Figure 4 lists several yield
criteria used by perfect plastic models. Perfect plastic formulations for saturated soils can be
extended to unsaturated soils by using the generalised Hooke’s law and by incorporating the
effect of soil suction into the yield criterion (Pereira, 1996).

Yield surfaces can be combined with hardening rules and cap surfaces. Hardening rules are
used in order to reproduce changes in the size of the yield surface (isotropic hardening) or
shifts in the yield surface position (kinematic hardening). Cap surfaces are used in order to
account for yield that occurs at stress states below failure conditions.

Numerous models have been proposed for unsaturated soils based on a critical state
framework. Some of the early model were proposed by Karube and Kato (1989), Alonso et
al. (1990), Wheeler and Sivakumar (1995), and Cui and Delage (1996), among others. Great
emphasis has been given to soils compacted at collapsible conditions. Most models are based
on isotropic hardening laws and on yield surfaces that expand for increasing soil suctions.
Collapse is reproduced by using appropriate modes of expansion of the yield curves and
appropriate variations in soil compressibility for different suctions. Research continues to be
undertaken in order to refine elastoplastic models for unsaturated soils.

Lloret and Ledesma (1993) present the manner how the elastoplastic stress-strain relationship
can be written for unsaturated soils. The yield functions and corresponding flow rules

10
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proposed by Alonso et al. (1990) were considered. The general stress-strain relationship takes
the following form:

if F;<0andF, <0 d(c—U,d)=Dde—h®d(u, —uy) 1)

if F,>00rF, >0 d(c—Uu,d)=D®de—hPd(u, —u,)

where:

E _yield function for load or suction decrease,

: Fi=f(c — U, Uy — Uy, 1);
F _ yield function for suction increase,

: Fy=f(c — Ug, Uy — Uy, 1);
D¢, H* = clastic constitutive matrices, defined according to Eq. (10);
D, H® = elastoplastic constitutive matrices;

T
- _ bl pe 3G { oF, JDe;
A=Ay 0(c—Ug) | 9(c—Uy)
D°H, +
T .
he = _[ oF, J peH. 5 OF I pe 06
d(c—Uy) P0(Ua-uy) A=Ay A(o-Up)
ifF, <0  H®
H; = . e ep ’
if F{, >0 H®+H®
A _ oR(er) a6
araeP ) ac-uy)’
T
A, - oF De oG, :
o(c—Uy) o(c—uy)
G, = flow rule, G; = f(c — Ug, Uy — Uy, I);
r = hardening parameter;
aFl T _ [ 8F1 8Fl 6F1 6F1 6F1 6':1 ] .
d(c—Uy) T T9(oy—Uyp) 0oy —Uy) 0O(c;—Uy) Oty Oty Oty
G ) % oG, oG, 06 3G G,
d(oc—ugy) 3ok —Ugp) O(oy—Ug) O(o;—Ug) Oty Oty Oty

The term T is generally taken as equal to the pre-consolidation stress for saturated conditions.
Different functions for F, F,, G|, G, and for the soil compressibility are defined by each
model found in the literature. The original references should be consulted for further details.

Equations (8) and (9) can be used to provide generic equations to be used in the derivation of
the partial differential equations governing unsaturated soil behaviour. Nevertheless, Eq. (10)
will be employed herein for the derivation of the governing PDE’s. The selection of Eq. (10)
was based on its simplicity and straightforward relation with the soil compressibility
coefficients.

6.2 Shear strength

Shear strength characteristics may be incorporated into the PDE’s governing unsaturated soil
behaviour through modification to the D, H, and h matrices. For instance, shear strength is
used by the Hyperbolic-type models to control the shape of the Young modulus function

11
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(Duncan and Chang, 1970). The shear strength equations can also be used to define the yield
criteria used by elastoplastic models.

Several shear strength equations were listed in Fig. 4, such as the Tresca, Von Mises, and
Mohr-Coulomb equations. Extensions of the Mohr-Coulomb criterion for saturated soils are
widely used to represent the shear strength for an unsaturated soil, t¢. Fredlund et al. (1996)
proposed the following equation based on the Mohr-Coulomb criterion:

T4 =C+(op —Ug) s tand'+(Uy — U, )O tan §' (14)
where:

T = shear stress at failure, acting on the failure plane;
(on — Ua)t = net normal stress acting on the failure plane;
c’ = cohesion;
¢’ = friction angle;

_ dimensionless parameter to account for the wetter area of
® ~ contact;

fitting parameter to account for any non-linearity between

K = the area and volume representation of the amount of water

contributing to the shear strength.

The shear strength for an unsaturated soil can be predicted using the soil-water characteristic
curve and the saturated shear strength parameters, ¢’ and ¢’. According to Fredlund et al.
(1996), © can be assumed as equal to the degree of saturation, S. Experimental evidence
shows that the slope of the plot of shear strength versus soil suction begins to deviate from the
effective angle of internal friction as the soil desaturates. This reduced slope is associated
with the reduction in the wetted area of contact past the air-entry value.

Vanapalli et al. (1996) presents a slightly modified procedure, defining
®=®n=(S—SreS)/(l—Sres) and making k = 1. This second procedure, based on

normalised (or effective) water content, renders the envelope potentially less flexible if the
fitting parameter « is not used.

6.3 Water phase volume change

The constitutive relationship for the amount of water store in the soil pores is usually given in
terms of volume of water. Water compressibility is generally neglected. The change in
volume of water stored in the soil pores can be written as function of elastic coefficients of
compressibility, m;" and m,", or volumetric modulus, E,, and H,,, as follows:

dv,
V_W = m{Nd (Gmean - ua)"’ m\ZNd(Ua - Uw)
0 ; ' (15)
:E_Wd(cmean _Ua)+H_Wd(ua _UW)
where:
S de e ds
m) = + ;
1+€) d(Omean —Ua) 1+€p d(Opean —Ua)
S de e ds
m = + ;
2 1+ey d(uy —uy) 1+ep d(uy —uy)
S = degree of saturation, S = f(Ginean — Ua, Ua — Uy);

12
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e = void ratio, € = f(Gmean — Ua, Ua — Uy);
(= = 3/ mfN ;
Hw = /my.

Equation (15) is based on the assumption that changes in the volume of pore-water stored in
the soil are a function of changes in net mean stress and soil suction and are independent of
changes in shear stresses. The use of state surfaces for void ratio and degree of saturation
provides an effective method for computing E,, and H,,. Hysteretic characteristics of the pore-
water storage can be addressed using more sophisticated relationships. However, the simple
clastic relationships based on state surfaces can adequately reproduce monotonic stress paths.

Coupled PDE systems are often written in terms of displacements and pore pressures.
Changes in (OGpean — Ua) present in Eq. (15) can be written in terms of changes in (U, — Uy) and

strains using Eq. (10), as follows:

vy,

v =B{'de, +B}'d(uy —uy,) (16)
0
where:
BW - m_;N E
! mi  Eu(-2p)
m¥mS 1 3 E
B M
m; Hy Ew HO-2p)

Equation (16) results in a smooth transition between saturated and unsaturated conditions,
provided that appropriate constitutive coefficients are employed. As the soil saturates the

effects of changes in soil suction and net stresses become equal (i.e., m{ =m3 =m) =m}’).

Consequently, Eq. (16) shows that for saturated conditions water volume changes are equal to
changes in void ratio.

6.4 Air phase volume change

The characterisation of the air phase volume change requires the determination of three of the
following variables; namely, V,, M,, and p,. The air phase is highly compressible, and its
density is given by the following equation:

Pa v, RT 17)
where:
Pa = density of the bulk air phase, p, = W, U, /(RT), kg/m®;
W, = molecular weight of pore-air, 28.966 kg/kmol;
Uy = total pressure in the bulk air phase, U;+Ugm, kPa;
Ua = pore-air pressure, kPa;
Uatm = atmospheric pressure, 101.325 kPa;

Three volume change measurements can be made for an unsaturated soil; namely, overall,
pore-water, and pore-air volume change. The combination of any two of these three volume
change measurements provides a complete description of volume change within an

13
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unsaturated soil. Pore-air volume changes have proven more difficult to measure than those
of the pore-water phase. Therefore, it has become common practice to measure overall and
pore-water volume changes. The volume of pore-air may be computed as follows:

Va _ Wy Vuw

—= (1-H,)
Vo Vo Vo oo (18)
=n(1-S+SH.)
where:
Hc = Henry’s volumetric coefficient of solubility, Va¢/Vyy;
Vad = volume of air dissolved in the pore-water.

H, is also known as the volumetric coefficient of solubility. At a constant temperature, the
volume of dissolved air is a constant for different pressures. Dorsey (1940) cited by Fredlund
and Rahadjo (1993) presents values of H, for various temperatures. The density is assumed as
being the same for the free air and for dissolved air.

The volume change constitutive relationship for the water phase can be obtained by taking an
incremental form of Eq. (18) and using the constitutive relationship for pore-water volume
change:

dv
Va =Blde, +pld(u, —uy) (19)
0
where:
Br = 1-B'(-H¢);
B3 = —BY(-H).

Equation (19) shows how the volume change characteristics of the air phase can be directly
obtained from the volume change characteristics of the water phase and soil skeleton.

6.5 Flow laws

Table 1 presents an overview of flow laws traditionally used for modelling unsaturated soil
flow behaviour. The flow laws establish relationships between measures of flow and driving
potentials. Driving potentials can be established based on spatial gradients of the energy
stored per unit volume (Bear, 1972). The several flow equations have the same format, but
distinct potentials and properties. The flow laws presented in Table 1 are well established
equations that have been experimentally verified.

Pore-air and pore-water have both miscible and immiscible mixture characteristics. Pore-air
can flow as free air, as dissolved air diffusing through the liquid water, or as dissolved air
carried by the liquid water. Pore-water can flow as liquid water, as water vapour diffusing
through the free air-phase, or as water vapour carried by moving free air-phase. Some flow
mechanisms are essential in the modelling of certain air and water flow conditions. For
instance, evaporation cannot be properly reproduced without consideration of the water
vapour flow (Wilson, 1990). Similarly, the air flow that takes place through saturated high
air-entry value ceramics cannot be understood without consideration of the movement of
dissolved air through the liquid water phase (Fredlund and Rahardjo, 1993).
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Table 1 — Overview of types of flow within an unsaturated soil and the corresponding
mechanisms, driving potentials, and flow laws.

Type of flow Flow mechanism Driving Potential Flow Law
1) @ 3 4
Liquid water, v**! Hydraulic head, h (m) Darcy’s law
Flow of Water vapour diffusion, Mass concentration of vapour per Modified
water, v yvd unit volume of soil, C, (kg/m”) Fick's law
Water vapour carried by \jass concentration of air per unit Modified
bulk air flow, v'@ volume of soil, C, (kg/m?) Fick’s law
Iml?rﬁirlise Thermodynamic - Lord Kelvin's
q equilibrium equation
vapour flow
. af Mass concentration of air per unit Modified
Free air, v volume of soil, C, (kg/m®) Fick’s law
Flow of air, ~ Dissolved air diffusion,  \ass concentration of dissolved air ~ Modified
va vad per unit volume of soil, Caq (kg/m3) Fick’s law
Dissolved air carried by )
L aa Hydraulic head, h (m) Darcy’s law
liquid water flow, v
Heat by conduction, q° Temperature, T (°C) Fourier's law
Flow of
heat, q" Interphase
Latent heat - (%) liquid-vapour
flow

(*) local thermodynamic equilibrium assumed; function of the rate of vapour flow.

The following sections present a concise description of the flow laws listed in Table 1. All
flow equations presented in this section were written for the y-direction (i.e., the direction
corresponding to elevation) and considering isotropic conditions. Similar equations can be
written for the x- and z-directions by using the appropriate gradient directions. Anisotropy
can be easily incorporated into the flow equations by using conductivity ellipsoids. These
ellipsoids can be defined by an anisotropy ratio and by the direction of “principal
conductivities”, as shown by Bear (1972) and Freeze and Cherry (1979).

6.5.1 Flow of liquid water

The flow rate of liquid water in saturated/unsaturated soils can be described by using a
generalisation of Darcy’s Law (Bear et al., 1968), where the driving mechanism is the total
head gradient and the hydraulic conductivity varies with matric suction, (U, — Uy). The
generalised Darcy’s law can be written as follows:

wl w ch
vy =—k"— (20)
! oy
where:
vyWI = liquid pore-water flow rate in the y-direction across a unit area

of the soil due to hydraulic head gradients, m/s;
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kY = hydraulic conductivity, k" = f(u,— uy), m/s;
h = hydraulic head, m;
h = S +Yy
Tw
Uy = pore-water pressure, kPa;
Yw = unit weight of water, =~ 9.81 KN/m’;
y = elevation, m.

The hydraulic conductivity function (i.e., the function giving the value of k" for any value of
(ua— uy) may be obtained experimentally using laboratory or field tests, or estimated using the
saturated hydraulic conductivity and the soil-water characteristic curve (Fredlund et al.,
1994). The use of a continuous k" function provides a smooth transition between the
saturated and unsaturated condition.

6.5.2 Flow of water vapour

Water vapour flow through soils takes place by two mechanisms. Pore-water vapour may
flow independently from the pore-air phase, driven by gradients in vapour concentration.
Water vapour flow driven by vapour concentration may take place even if the bulk pore-air is
at rest. Pore-water vapour may also be carried by the bulk pore-air phase, which may flow
driven by gradients in the total pore-air pressure. The sum of these two vapour flow
components results in the total water vapour flow, v'.

The flow rate of water vapour due to gradients in vapour concentration may be described by a
modified form of Fick’s law (Philip and de Vries, 1957 and Dakshanamurthy and Fredlund,
1981):

Vyd - _D_v&
Pw OY . @1
DY oCy op, DY opy
Pw 0Py OY Py Oy
where:
vde = pore-water vapour flow rate in the y-direction across a unit area
of the soil due to vapour concentration gradients, m/s;
DY = molecular diffusivity of vapour through soil, m%s;
Pw = density of water, ~ 1000.0 kg/m’;
C, = concentration of water vapour in terms of the mass of vapour
per unit volume of soil, C, = py(1 — S)n, kg/m3 ;
Py = density of the water vapour, p, = W,p,/(RT), kg/m?;
W, = molecular weight of water vapour, 18.016 kg/kmol;
o = partial pressure of water vapour, kPa;
R = universal gas constant, 8.314 J/(mol.K);
T = temperature, K;
S = degree of saturation, S = V,/V,;
n = porosity, N = V,/V;
Vi, Vy = volume of water and voids in the elemental volume,
respectively, m’;
D" = (1-S)nD'W, /RT, (kg.m)/(kN.s).

The soil properties D' and D" can be directly measured or reasonably estimated by using the
value of molecular diffusivity of vapour through air (0.229x107*(1+T/273.15)"" m?%s,
Kimball et al., 1976) and combining that value with a tortuosity factor. Ebrahimi-B et al.
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(2004) presents a summary of tortuosity coefficient functions proposed in the literature and
shows that most existing functions result in similar values for the ranges of soil suction were
vapour flow predominates over liquid flow.

The flow rate of water vapour due to bulk pore-air flow may also be described by a modified
form of Fick’s law (Philip and de Vries, 1957 and Dakshanamurthy and Fredlund, 1981).
Using the fraction p,/p, in order to obtain the fraction of water vapour present in the pore-air,
the following equation can be written:

ya__ Py D? 0Cq

y
Pa Pw OY . 22)
__by D? OC, du, __by D? Oy
Pa Pw OUy Oy Pa Pw O
where:
vy = pore-water vapour flow rate in the y-direction across a unit area
of the soil due to bulk air-phase flow, m/s;
Pa = density of the bulk air phase, p, = W, U, /(RT), kg/m’;
D? = coefficient of transmission of air, m%/s;
Ca = concentration of air in terms of the mass of vapour per unit
N volume of soil, C, = pa(1 — S)N;
D* = (1 —S)ND*W, / RT, (kg.m)/(kN.s).

The soil properties D* and D** can be directly measured or estimated using the same approach
that was described above for D' and D"". The total flow of water vapour is obtained by
summing v,"" and v,"?, given by Egs. (22) and (23). Taking the sum of the two vapour flow
components and neglecting gradients of atmospheric pressure, the following equation is
obtained:

vy g D" a0, _py DY du, 23)
Y y y Pw ay Pa Pw ay

6.5.3 Mass transfer between liquid pore-water and pore-water vapour

Local thermodynamic equilibrium can be assumed between liquid pore-water and pore-water
vapour at any time and at any point in the soil. This assumption means that a change in any
of the state variables; namely, partial vapour pressure, p,, temperature, T, or the total potential
of the liquid pore-water, v, results in an immediate change of the other state variables towards
equilibrium of the liquid-vapour system. The assumption of local thermodynamic equilibrium
provides a way of quantifying mass transfer between liquid and vapour water. The following
relationship between p,, y, and T can be derived by assuming local thermodynamic
equilibrium (Edlefsen and Anderson, 1943):

_‘VWV
p, = pvsatepr(T +273.15) (24)
where:
Pusat = saturation vapour pressure of the soil water at temperature T, kPa;
] = total suction, kPa;
W, = molecular weight of water, 18.016 kg/kmol;
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Pw = water density, ~ 1000 kg/m3 ;
R = universal gas constant, 8.314 J/(mol.K);
T = temperature, °C.

Values of saturation vapour pressure, Pysa, are well established and depend primarily on the
vapour temperature (i.e., the vaporization curve). Equation (24) shows that the partial vapour
pressure is equal to the saturation vapour pressure when y = 0 kPa and zero when y =~ 1x10°
kPa. Changes in p, due to changes in y at any given fixed temperature are negligible when
< 1500 kPa. As a result, the use of SWCC’s formed by combining matric and total suction
values (Fredlund, 2002) does not affect the value of p, computed using Eq. (24).

It will be shown in the next sections that it is convenient to replace the gradients of p, in Eq.
(23) by gradients of suction, y, and temperature, T. A relationship between the gradients of
p, and the gradients of the other two variables, y and T, can be determined by deriving Eq.
(24) using the chain rule:

oy Wypy ( v ar awj 25)

oy  pwR(T +273.15)((T+273.15) &y oy

Soil-water characteristic curve data is generally plotted combining matric suction values up to
1500 kPa and total suction values beyond this value. In order to make Eqgs. (24) and (25)
consistent with the “hybrid” SWCC plot, the water potential, y, in Egs. (24) and (25) can be
assumed as equal to the soil suction obtained from the SWCC. Therefore, the term y
corresponds to the total suction when values of y are larger than 1500 kPa and to matric
suction when values of y are lower than 1500 kPa. Assuming that the effect of pore-air
pressure changes is negligible in the computation of vapour pressures, and replacing the term
vy by -Uy, Eq. (25) can be re-written as follows:

opy W, py OUy, Uy oT 26

oy  pwRTM+273.15( oy (T +273.15) oy (26)

The following equation is obtained by substituting Eq. (26) into Eq. (23):

vd vd va
V\;// =v‘)’,d +V¥/a __k™ auy N k Uy or k™ dug @7
Yw O vw (T+273.15) 0y vy Oy
where:
v _  pore-water vapour conductivity by vapour diffusion within the air
phase;
kvd — Wv Py D' .
Tw , /S;
pwR(T +273.15) py
Ka _  pore-water vapour conductivity by advection within the free
pore-air;
a*
AL -
Pa Pw
Yw = unit weight of water, KN/m’;
Ya = unit weight of air, kKN/m’.

18



Fredlund, D.G., Gitirana Jr., G.

6.5.4 Flow of dry air

Pore-air flow takes place primarily by two mechanisms. Pore-air may flow as free air driven
by gradients in its concentration. Pore-air may also flow within the liquid pore-water, as
dissolved pore-air. Dissolved pore-air may be carried by water flow (i.e., advection) or may
flow by pore-air diffusion, driven by gradients in dissolved pore-air concentration.

The mass flux of free pore-air may be described by a modified form of Fick’s law:

Dt
Pa OY . (28)
_D?ac, au, D au,
pa OU; Oy pa Oy
where:
vy = pore-air flow rate in the y-direction across a unit area of the soil
due to pore-air concentration gradients, m/s;
D? = coefficient of transmission of air, m%/s;
Pa = density of the bulk air phase, p, = W, U, /(RT) , kg/m?;
Ca = concentration of air in terms of the mass of vapour per unit
N volume of soil, C, = p,(1 — S)n;
D? = (1 —S)ND*W, / RT, (kg.m)/(kN.s).

All variables and soil properties presented in Eq. (28) have been defined previously. The soil
properties D* and D" can be directly measured or estimated using the same approach that was
described above for D' and D", using a tortuosity coefficient.

The flow of dissolved pore-air driven by gradients in dissolved pore-air concentration may be
described by a modified form of Fick’s law:

d
Vad __ D® Caqq
y Pa O

. 29)
pa Ouy oy Pa OY
where:

vyz’Id = dissolved pore-air flow rate of in the y-direction across a unit
area of the soil due to pore-air concentration gradients, m/s.

D = molecular diffusivity of dissolved air through water, m?/s;

Cu = concentration of dissolved air in terms of the mass per unit
volume of soil, Coq = pa SNH,;

D" = nSHD* W, /RT , (kg.m)/(kN.s).

The values of D*®" can be directly measured or estimated. Values of D* and H, found in the
literature are summarised by Fredlund and Rahardjo (1993). As the soil desaturates, the
diffusion of dissolved air through the liquid pore-water decreases and becomes insignificant
when compared with the flow of free dpore-air. The decrease in v* due to desaturation can be
incorporated into the prediction of D®" by using a tortuosity coefficient.

The flow of dissolved pore-air carried by water flow (i.e., advection) may be described by
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Darcy’s law and taking the amount of dissolved air:

oh
v?a:—HCkWE (30)

where:
vy = flow rate of dissolved pore-air in the y-direction across a unit
area of the soil due to bulk pore-liquid water flow, m/s.

The total flow of pore-air is obtained by summing the three flow mechanisms, given by Egs.
(28), (29), and (30):

k? ou, k¢ au oh
v?,:v';‘f +v§d Ve — 8 — & _H k" — (31)
Ya O Ya OY oy
where:
K2 = pore-air conductivity;
a Da*
K = Ya———,m/s;
Pa
k& = pore-air conductivity by diffusion within the pore-liquid water;
ad D ad*
K = Ya——,mfs;
ua
Ya = unit weight of air, kN/m’.

Equation (31) provides a smooth transition between unsaturated and saturated conditions. As
suction decreases, the soil saturates and k* decreases, eventually reaching zero, for the
saturated condition. However, the flow or air does not cease for saturated conditions. The
pore-air conductivity by diffusion within the pore-liquid water and the flow of dissolved air
carried by bulk liquid-water flow increase for increasing saturation.

6.5.5 Flow of heat by conduction

Heat transfer in soils occurs by three primary mechanisms, namely: conduction; convection;
and latent heat due to phase change. Heat transfer by convection of the pore-fluid in soils is
considerably smaller than conductive heat transfer (Milly, 1984) and is generally neglected.
Changes of phase can take place as vaporization/condensation. Freeze and thawing are of
concern in some unsaturated soil mechanics problems, but are omitted herein.

The conductive heat flow, ¢, can be written as a function of the thermal conductivity of the
soil and the temperature gradient, as follows:

aT
c_ 9
dy Y (32)
where:
a, = heat flow rate in the y-direction across a unit area of the soil
due to heat conduction, J/s;
T = temperature, °C;
A = thermal conductivity, A = f(u;— uy), J/(m s °C).

The latent heat flow can be obtained by multiplying the latent heat of vaporization and
condensation, Ly, by the amount of vapour flow, given by Eq. (27).
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7 Partial differential equations for stress analysis

Partial differential equation for stress-deformation analysis can be written by combining the
equilibrium equations, Eq. (2) with Hooke’s generalised stress-strain law, Eq. (10).
Expressing strains in terms of small displacements (u, v, and w for the x-, y-, and z-directions,
respectively), the following PDE’s are obtained:

i Dlla—u‘l’Dlzﬂ-l»Dlz@ +i D44 6_U+ﬂ
OX OX oy oz | oy oy ox o
) < (x-direction) (33)
0 ou  ow 0 au
+—| Dyl —+=—||-=|h(u, —uy, )[+—2=0
Z1ou( 20 2] Lt -
i D44 5_U+ﬂ +i D126_U+D11Q+D12%
X oy o oy oX oy oz ' )
- = (y-direction) (34)
0 N oW 0 ou
+—| Dyy| —+— | |[-=|hlug —uy )|+ =2 =-
62|: 44(az ayj:l ay[ ( a W)] ay Y nat
i D44 8_u+% +i D44 ﬂ-l-%
X 0z Ox oy oz oy o
(z-direction) (35)
0 ou ov oW 0 ou
+—| Dy, —+Dj» —+Dy; — |-—1|h(u, —uy,, )|+—2=0
52{ 1275 IZay 11 6z:| 62[(a W) pe
where:
Dy = EQ-w/[A+w-2wI;
D = Ep/[0+w-2w)];
Da4 = E/l20+w];
h = E/[HA-2w)];
Ynat = Dbody force acting downward;
Vnat = ys(I=n)+yynS , kKN/m’;
s = specific weight of soil particles, kN/m®.

Body forces are zero, with exception of the vertical body force, equal to the unit weight of the
soil, ynat. Total volume change due to changes in pore-water pressure is neglected in Eqs. #
and #. If total volume change due to changes in pore-water pressure is to be determined, the
relationship between total volume change and pore-water pressure would have to be
considered and Eqgs. # and # should be solved in a coupled manner with Eqs. # and #. The
primary variable of interest in the W-GHA model is the change in pore-water pressure and net
stresses in response to the atmospheric boundary conditions. Therefore, the equilibrium-
moisture flow coupling was assumed as not essential. This may not be the case for soils with
large volume change characteristics, such as expansive and collapsible soils (Pereira, 1996).

8 Partial differential equations for water flow

In order to obtain the partial differential equation that governs the conservation and flow of
liquid and vapour water through soils the flow law equations (Egs. # and #) and a water
volume change constitutive equation are combined with the continuity of water mass equation
(Eq.). Considering the reference volume V, constant, the water phase and the soil structure
incompressible, and assuming that the pore-air pressure is constant, the following equation is
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obtained:

The PDE governing moisture flow can be modified using Eq. # in order to express gradients
of p, as function of the gradients of U, and T. As a result, Eq. # can be re-written as follows:

aﬁ{kwa_m K9ou, K9 u, oT K@ aua}
X

X vy OX vy (T+273.15) 0x vy, OX
Lol wen K au, k9w, 0T k™au,
oyl oy yw O yw (T+27315) 0y v, o 36)
Ofwoh K au, K u,  oT k"o
oz 0z vy Oz vy (T+273.15) 07 vy, oz
_pw ou ﬂ ow LY w d(uz —uy)
Udt dt ox oy az) U dt

Equation # is the final PDE governing the flow of moisture by liquid water and water vapour
flow. Temperature gradients required to render this equation solvable can be obtained by
solving a PDE governing conservation of thermal energy. Three unsaturated soil property
functions can be identified in Eq. #; namely: the hydraulic conductivity, the vapour
conductivity, and the soil-water characteristic curve. These soil properties functions vary
with soil suction, and therefore, the PDE is physically non-linear.

9 Partial differential equations for air flow

Present the general equation, and several degrees of simplification, always describing in
which situations the several PDE forms should be used. The general equation should be
transient, and take into account the air dissolved in the water and the compressibility of the
soil structure. Describe the boundary and initial conditions applicable to this equation.

a ad
i k_ﬁl"_a+_k aua +paHCkWa_h
g ox g ox OX
a ad
2 K= i +k au_a+pchkW6_h
oyl g oy g oy oy
] (37)
a al
+£ k_aLj_a+k_aLJ_a+paHCkWa_h
g oz g oz oz
B ou ﬂ+@ 0,p2 a(ua Uy) e S)nW OUg
ox oy oz RT RT ot
where:
n = soil porosity;
S = degree of saturation, obtained from the soil-water characteristic
curve.

10 Partial differential equations for heat flow
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In order to obtain the partial differential equation that governs the conservation and flow of
heat through soils, the equation of conservation of heat (Eq. #) must be combined with the
heat flow equations (Eqs. # multiplied by L,, and Eqs. #). Furthermore, the total amount of
heat within the REV must be written as a function of the volumetric specific heat of the soil.
The following results:

i[xﬂ+ L, Jat Py v aﬂ]+i[xﬂ+ L, Jat Py e a&]
ox\ oOx Uy oX oy Uy oy
_ (38)
+3[x£+ L, et Py Dv*aﬂj T
oz\ oz Uy 0z ot
where:
T = temperature, °C;
Ly = latent heat of vaporization/condensation, 4.187x10°x(591 -
0.51xT), J/kg;
4 = volumetric specific heat of soil, { = ypa € = f(Us— Uy), J/(m* °C).

Expressing the gradients of partial vapour pressure in Eq. # in terms of gradients of pore-
water pressure and temperature (using Eq. #), the following PDE is obtained:

EHX_ L k" p_Wu—WJ oar | L k" p_Wau_W}

ox v T+273.15 ) ox Tu OX

+i )\‘_kavp_Wu—W ﬂ_,_ kavp_W@U_W (39)
oy vw T+273.15 | oy Yw Oy

L0 oo LykvPw_ Uw ﬂﬂ_vkvp_wa“_w :gﬂ

oz vw T+273.15 ) &z Yw 02 ot

Equation # is the final PDE governing the flow of heat. Equation # must be solved in a
coupled manner, along with Eq. #. The primary variables are u,, and T. These two PDE’s can
be solved using some numerical approximations, such as the Finite Element and the Finite
Difference methods. Two new unsaturated soil property functions can be identified in Eq. #;
namely: the thermal conductivity function and the volumetric specific heat. These soil
properties functions also vary with soil suction, rendering the PDE physically non-linear. All
of the above-mentioned unsaturated soil property functions bear a relationship to the SWCC.

11 General coupled partial differential equations

This section will present diagrams showing the above PDE’s (in their general forms, without
simplifications), and showing how they are coupled. I intend to produce great figures for this
section that could be used in the book.

Moisture moves through soils driven by gradients of total head and/or partial pressures for
each of the moisture phases (i.e., both liquid water and water vapour). The ratio between the
flow of liquid water and water vapour depends mainly on the temperature and degree of
saturation of the soil. Consequently, the transient temperature gradients need to be
determined and heat transfer must be taken into account when simulating the flow of moisture
(Philip and de Vries, 1957 and Wilson et al., 1990). Several physical processes are involved
in the analysis of moisture and heat flow. In order to obtain the equations governing heat and
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moisture transfer, constitutive flow laws and water volume change constitutive laws are
combined with the mass and heat conservation equations. Appropriate equations for the soil-
atmosphere flux boundary conditions are required. The two-dimensional PDE’s used herein
are extensions of the one-dimensional formulations presented by Philip and de Vries (1957)
and Wilson et al. (1990).

Coupling terms show indirect processes. Make table.

12 Concluding remarks

13 References

Alonso, E.E., Gens, A. & Josa, A. 1990. “A constitutive model for partly saturated soil.”
Géotechnique, 40(3): 405-430.

Bear, J. 1972. “Dynamic of Fluids in Porous Media.” Dover Science, New York, USA, 714p.

Biot, M.A. 1941. “General theory of three dimensional consolidation.” Journal of Applied
Physics, 12(2): 133-164.

Brooks, R.H. and Corey, A.T. 1964. “Hydraulic properties of porous media.” Hydrology.
Paper No. 3, Colorado State University, Fort Collins, Colorado, 27.

Childs, E.C. and Collins-George, N. 1950. “The permeability of porous materials.”
Proceedings Royal Society. vol. 201A, 392-405.

Cook, H. 1981. “Concepts and Applications of Finite Element Analysis.” John Wiley & Sons,
New York, United States of America, 537p.

Cui, Y.J. & Delage, P. 1996. “Yielding and plastic behavior of an unsaturated compacted
silt.” Géotechnique, 46(2): 291-311.

Dakshanamurthy, V. and Fredlund, D.G. 1980. “Moisture and air flow in an unsaturated soil.”
Proceedings, 4th International Conference on Expansive Soils, American Society of Civil
Engineers, Denver, CO, USA, 1, 514-532.

Dakshanamurthy, V. and Fredlund, D.G. 1981a. “A mathematical model for predicting
moisture flow in an unsaturated soil under hydraulics and temperature gradients.” Water
Resources Research, 17(3): 714-722.

Dakshanamurthy, V. and Fredlund, D.G. 1981b. “Predicting of moisture flow and related
heaving and shrinking in unsaturated soil continua.” Proceedings of the Eight Canadian
Congress of Applied Mechanics, Monoton, 2, 281-282.

de Vries, D.A. 1963. “Thermal properties of soils.” Physics of Plant Environment. W.R. van
Wijk (ed.), Amsterdam, New Holland, 382p.

de Vries, D.A. 1987. “The theory of heat and moisture transfer in porous media revisited.”
International Journal of Heat and Mass Transfer, 30(7): 1343-1350.

Duncan, J.M. and Chang, C-Y. 1970. “Nonlinear analysis of stress strain in soils.” Proc ASCE
96, No. SM5, 1629-1653.

Edlefsen, N.E. and Anderson, A.B.C. 1943. “Thermodynamics of Soil Moisture.” Hilgardia,
15(2): 31-298.

Feda, J. 1982. Mechanics of Particulate Materials, Elsevier, 447 pp.

Fredlund, D.G. 1964. “Comparison of soil suction and one-dimensional consolidation
characteristics of a highly plastic clay.” M.Sc. thesis, Dept. of Civil Engrg., University of
Alberta, Edmonton, AB, Canada.

Fredlund, D.G. 2002. “Use of soil-water characteristic curves in the implementation of
unsaturated soil mechanics, keynote address”. Proc., 3" Int. Conf. on Unsaturated Soils,
March 10-13, Recife, Brazil, Volume 3, 1-23.

Fredlund, D.G. and Morgenstern, N.R. 1976. “Constitutive relations for volume change in
unsaturated soils.” Canadian Geotechnical Journal, 13(3): 261-276.

Fredlund, D.G. and Morgenstern, N.R. 1977. “Stress state variables for unsaturated soils.”

24



Fredlund, D.G., Gitirana Jr., G.

Journal of Geotechnical Engineering Division, Proceedings, American Society of Civil
Engineers, GTS, 103: 447-466.

Fredlund, D.G. and Rahardjo, H. 1993. “Soil Mechanics for Unsaturated Soil.” John Wiley &
Sons, New York, United States of America, 517p.

Fredlund, D.G., Xing, A., and Fredlund, M.D. 1996. “The relationship of the unsaturated
shear strength to the soil-water characteristic curve.” Canadian Geotechnical Journal,
33(3): 440-448.

Fredlund, D.G., Xing, A., and Huang, S. 1994. “Predicting the permeability function for
unsaturated soil using the soil-water characteristic curve.” Canadian Geotechnical
Journal, 31(4): 533-546.

Freeze, R.A. and Cherry, J.A. 1979. “Groundwater.” Prentice Hall, Inc., New Jersey, USA,
604p.

Gallopoulos, E., Houstis, E., and Rice, J.R. 1994. “Computer as thinker/doer: problem-
solving environments for computational science.” IEEE Computational Science &
Engineering, 1(2): 11-23

Gitirana Jr., G.F.N. 1999. “Numerical Modelling for the Coupled Hydro-Mechanical
Behaviour of Unsaturated Soils Considering Elastic and Critical State Models.” Pub.
G.DM 063A/99, Dept. de Eng. Civil, UnB, Brasilia, DF, 126p. (in Portuguese)

Gitirana Jr., G.F.N. and Fredlund, D.G. 2003. “Keynote address: From experimental
evidences towards the assessment of weather-related railway embankment hazards.” In
From Experimental Evidences Towards Unsaturated Soil Practice, Weimar, Germany.
21-52.

Karube, D. & Kato, S. 1989. “Yield functions of unsaturated soil.” XII International Congress
of Soil Mechanics and Foundation Engineering, Rio de Janeiro, RJ, 3: 615-618.

Lai, S., Tiedje, J.M., and Erickson, A.E. 1976. “In situ measurement of gas diffusion
coefficient in soils.” Soil Science Society of America Proceedings, 40(1): 3-6.

Lawton, E.C., Fragaszy, R.J. & Hardcastle, J.H. 1991. “Stress ratio effects on collapse of
compacted clayey sand.” ASCE J. Geotech. Eng., 117(5): 714-730.

Lloret, A. & Ledelma, A. 1993. “Finite element analysis of deformations of unsaturated
soils.” Civil Engineering European Courses, Barcelona, Spain, 20 p.

Matyas, E.L. and Radakrishna, H.S. 1968. “Volume change characteristics of partially
saturated soils.” Géotechnique, 18: 432-448.

Milly, P.C.D. 1982. “Moisture and heat transport in hysteretic, inhomogeneous porous media:
A matric head-based formulation and a numerical model.” Water Resources Research,
18(3): 489-498.

Milly, P.C.D. 1984. “A linear analysis of thermal effects on evaporation from soil.” Water
Resources Research, 20(8): 1075-1085.

PDE Solutions Inc. 2003. “FlexPDE 3.10 - Reference Manual.” Antioch, CA, USA.

Penman, H.L. 1948. “Natural evapotranspiration from open water, bare soil and grass.” Proc.
R. Soc. London Ser. A. 193: 120-145.

Pereira, J.H.F. 1996. “Numerical analysis of the mechanical behavior of collapsing earth
dams during first reservoir filling.” Ph.D. thesis, Department of Civil Engineering,
University of Saskatchewan, Saskatoon, Canada, 449p.

Pereira, J.H.F. and Fredlund, D.G. 2000. “Volume change behavior of collapsible compacted
gneiss soil”. ASCE J. Geotech. and Geoenvironmental Eng., 126(10): 907-916.

Philip, J.R. and de Vries, D.A. 1957. “Moisture movement in porous materials under
temperature gradients.” Transactions, American Geophysical Union, 38(2): 222-232.

Reddy, J.N. 1993. “An Introduction to the Finite Element Method.” McGraw-Hill, New York,
United States of America, 2e, 684p.

Richards, L.A. 1931. “Capillary conduction of liquids through porous mediums.” Physics, 1:
318-333.

Terzaghi, K. 1943. “Theoretical Soil Mechanics.” 14th printing, John Wiley & Sons, Inc.,
New York, USA, 510p.

Thornthwaite, C.W. 1948. “An approach toward a rational classification of climate.” The

25



GEOPROB 2005

Geographical Review, 38: 55-94.

Wilson, G.W., Fredlund, D.G., and Barbour, S.L. 1994. “Coupled soil-atmosphere modeling
for soil evaporation.” Canadian Geotechnical Journal, 31(2): 151-161.

Wheeler, S.J., & Sivakumar, V. 1995. “An elasto-plastic critical state framework for
unsaturated soils.” Géotechnique, 45(1): 35-53.

Wood, D. M. 1990. Critical State Soil Mechanics, Cambridge University Press, 462 pp.

We may have to explain this:

It has become conventional practice to plot soil-water characteristic curves using
matric suction data for (U, — Uy) < 1500 kPa and total suction data otherwise. Fredlund (2002)
presents a detailed justification for why this apparently inconsistent approach is adequate in
geotechnical engineering practice. Capillary effects dominate in the “low” suction range,
while osmotic potential becomes of importance in the “high” suction range. Quoting
Fredlund (2002), “it is anticipated that this [the above manner] will continue to be the manner
in which the soil-water characteristic curve is plotted and utilized in geotechnical
engineering”. The plot of the SWCC combining matric and total suction was adopted
throughout this paper. This combined plot provides an effective approach for unifying
theories developed for the capillary and residual saturation conditions.

PAPER OUTLINE
1 Relevance of partial differential equations to unsaturated soil mechanics
2 Assumptions traditionally adopted in the derivation of partial  differential

equations governing unsaturated soil behaviour

3 Stress state variables

4 Differential conservation equations for unsaturated soils

4.1 Conservation of linear and angular momentum

4.2 Conservation of mass and heat energy

5 Strain-displacement relationships and compatibility equations
6 Constitutive laws for unsaturated soils

6.1 Stress-strain relationship

6.1.1 Elastic models
6.1.2 Elastoplastic models

6.2 Shear strength

6.3 Water phase volume change
6.4 Air phase volume change
6.5 Flow laws

6.5.1 Flow of liquid water

6.5.2 Flow of water vapour

6.5.3 Mass transfer between liquid pore-water and pore-water vapour
6.5.4 Flow of dry air

6.5.5 Flow of heat by conduction

7 Partial differential equations for stress analysis
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Partial differential equations for water flow
Partial differential equations for air flow
Partial differential equations for heat flow
General coupled partial differential equations
Concluding remarks
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