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ABSTRACT: This paper presents the application of general-purpose partial differential equation
solvers associated soil property functions to the analysis of saturated-unsaturated seepage prob-
lem. Examples of two-dimensional steady state seepage, two-dimensional transient seepage
through earth dam and three-dimensional seepage in a soil system are also presented.
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1. INRODUCTION

Seepage analysis forms an important and basic part
of geotechnical engineering. Seepage analysis may
be required in volume change prediction, ground
water contamination control, slope stability analysis,
and the design of earth structures such as dykes or
dams.

The solution of the linear partial differential
equation of flow was first proposed by Casagrande
(1937) through the use of the graphical flownet
method. This method is based on the assumptions
that the soil is homogeneous and isotropic, and that
water flows only in the saturated zone. The bounda-
ries of the flow region must be defined in terms of
head or no-flow. The flownet solutions proposed by
Casagrande (1937) were for simple unconfined flow
cases without flux boundary conditions.

In the late 1960's, the development and applica-
tion of the digital computer to solving complex
seepage problems came into prominence. Freeze
(1971) proposed a finite difference model of flow
through both the saturated and unsaturated soil re-
gions. In the late 1970's, the increased computer
power, combined with the finite element method be-
came a powerful tool in solving steady state and

transient saturated-unsaturated seepage problems.
Several computer programs have been written for
solving saturated-unsaturated modeling in engineer-
ing practice; examples being, MODFLOW' and
SEEP/W-.

Seepage analysis for unsaturated soils is mathe-
matically characterized by a partial differential
equation that is non-linear and soil properties that
can be highly non-linear. As a result, the modeling
of saturated-unsaturated soil systems has proven to
be a challenge. The primary challenge in solving
problems involving unsaturated soils is to develop a
numerical software package that ensures conver-
gence when solving seepage problems involving
saturated-unsaturated soil systems (Fredlund, 1996).

In the last two decades, the development and ap-
plication of the computer to solving complex prob-
lems has been extensive. An unsaturated soil prob-
lem involves the soil properties that are highly non-
linear, such as coefficient of permeability and water
storage functions. The partial differential equations
to be solved become highly nonlinear and require
the input from persons specially trained in the area
of mathematics. This has given rise to the use of
general partial differential equation solvers that are
designed to solve equations from many areas of en-



gineering.

The solution of transient, unsaturated soil Sys-
tems requires two non-linear soil property functions;
the coefficient of permeability function, £, (also re-
ferred to as hydraulic conductivity function) and the
water storage function, m,” (Fredlund and Rahardjo,
1993). Both soil property relationships can be writ-
ten in terms of the negative pore-water pressure, u,,
(or soil suction, ),

Several general-purpose partial differential equa-
tion solvers have been developed for solving a vari-
ety of boundary value and/or initial value problem:s.
Examples of these programs are PDEase2D’, Flex-
PDE' and FEMLAB®. These programs, developed
by mathematicians, have many features that are of
interest to geotechnical engineers.

Finite element programs such as PDEase2D and
FlexPDE have been used to analyze unsaturated soil
problems of seepage (Fredlund, 1997 Thieu 1999),
volume change (Hung, 2000), heat transfer (Pent-
land, 2000) and stope stability (Pham, 2001). While
PDEase2D can analyze only two-dimensional prob-
lem, FlexPDE is extended to solve problems in
three-dimensions.

Recently, a software package named SVFlux®
has been introduced to allow seepage analysis in
two dimensions and three dimensions. SVFlux has
shown to be a useful tool for geotechnical engineers.
SVFlux can also be coupled with a database pack-
age, SoilVision' to perform analysis without an ex-
tensive laboratory program. Soil properties can be
obtained from a laboratory database of a variety of
soils and geometry of three-dimensional problems
can be inputted as surfaces and layers using survey
data.

This paper presents the solutions of some seep-
age example problems to show the capability of the
general partial differential equation solvers and the
SVFlux software in solving two-dimensional and
three-dimensional seepage in saturated/unsaturated
soil systems.

2. THEORY OF SATURATED-
UNSATURATED SEEPAGE

Water phase and air phase of an unsaturated soil are
considered as fluids, therefore problems associated
with unsaturated flow are two-phase flow problem.
Two partial differential equations are required to
rigorously describe the flow of air and water in an
unsaturated soils (Fredlund, 1981). However, only
flow of water is of interest in most engineering
problems encountered in practice since air phase can
be assumed to be continuous and atmospheric. The

air phase can be occluded when degree of saturation
is relatively high, but the air pressure will essen-
tially be atmospheric and the effect of air flow is
negligible. Freeze and Cherry (1979) stated that un-
saturated seepage analysis involving only the water
phase provides results that are accurate enough for
almost all practical purpose.

Water flow is caused by a hydraulic head gradi-
ent. The hydraulic head (or total head) consists of
the velocity head, pressure head and elevation head.
The velocity head in a soil is negligibie in compari-
son with the pressure head and elevation head, and
the expression for total head can be written as fol-
lows:

=22y (1)
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where: / = total head, u, = pore-water pressure, ¥, =
unit weight of water, and ¥ = elevation head above an
arbitrary datum,

Darcy’s law can be used to describe water flow
through soils in both saturated and unsaturated con-
dition (Richards, 1931). Darcy’s law is stated as fol-
lows:

q = ki 2)

where: g = discharge per unit area, i = total head gra-
dient, and k, = coefficient of permeability.

The governing partial differential equation for
seepage through a heterogeneous, anisotropic, satu-
rated-unsaturated soil can be derived by satisfying
conservation of mass for a representative elemental
volume. If it is assumed that the total stress remains
constant during a transient process, the differential
equation can be written as follows for the three-
dimensional transient case:
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where &,,, k.,, and k.. = coefficient of permeability of
the soil in the x-, y-, and z-direction, respectively; and
m", = the slope of the soil-water characteristic curve
(i.e., water storage).

Equation 3 indicates that two soil properties (i.e.,
coefficient of permeability and water storage) are
required to solve transient seepage problem associ-
ated with a saturated-unsaturated soil system. For
steady state seepage, only the coefficient of perme-
ability is required because the time dependent term



in Eq. 3 disappears and the water storage drops out.

The water coefficient of permeability is a meas-
ure of the ability of soils to conduct water. The coef-
ficient of permeability is a function of the volumet-
ric water content, which is, in turn, a function of soil
suction. The water storage is an indication of the
amount of water taken or released by the soil as a
result of a change in the pore-water pressure (i.e.,
soil suction) and it is the slope of the soil-water
characteristic curve.

3. MAJOR FEATURES OF GENERAL
PARTIAL DIFFERENTIAL EQUATION
SOLVERS AND SVFLUX SOFTWARE

Major features of these newly developed solvers in-
clude:

* AutoCAD™? style CAD input,

¢ automatic mesh generation and refinement

e adaptive time step design and refinement

¢ ensuring convergence when solving non-

linear equations.
¢ allowing material properties to be input in a
variety of forms. These forms can be cate-
gorized as a mathematical equation or a se-
ries of data points (Fig. 1). The series of
data points could be handled in a number of
different ways of input as shown in Fig. 1
and illustrated in Fig. 2.
¢ input 3D problems as surfaces and layers us-
ing survey data
In addition, when SVFlux coupled with Soilvision
database program, soil properties can be selected or
estimated from a laboratory database of over 6000
soils.

4. EXAMPLE PROBLEMS

Three example problems, the first associated with
steady state seepage in two-dimensions, the second
associated with transient state seepage in two di-
mensions, and the third associated with transient
state seepage in three-dimensions, will be presented.

Formats for Unsaturated Soil Property Functions
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Figure 1. Summary of possible format for inputting unsaturated soil property functions
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Figure 2. [llustration of formats for inputting unsaturated soil properties as a function of soil suction



Table 1. Permeability functions and fitted parameters for steady-state seepage analyses
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Figure 3. Specified permeability functions for the steady state seepage example

The soil material for the first two examples is as-
sumed to be silt and isotropic with respect to the co-
efficient of permeability. Experimental data show-
ing the coefficient of permeability versus matric
suction, and the volumetric water content versus
matric suction are obtained from Ho (1979). The
saturated coefficient of permeability is 2.5 x 107
m/sec and the saturated volumetric water content is
0.381.

(1) Steady state seepage example

This example is presented to illustrate the different
forms of input the coefficient of permeability when
analyzing steady-state seepage through an isotropic
earth dam with a horizontal drain. The permeability

functions used are the Gardner (1958) equation, van
Genuchten-Mualem (1980) equation, van Genuch-
ten-Burdine (1980) equation, Fredlund and Xing
(1994) equation and a series of data points. The pa-
rametric study was done to find the best-fit values
for the permeability functions using MathCad® pro-
gram. The permeability functions and their values of
fitted parameters are shown in Table 1. Specified
permeability functions together with the experimen-
tal data used to analyze the problem are presented
graphically in Fig. 3.

The geometry, boundary conditions and finite
element mesh used in running PDEase2D for
steady-state seepage example are shown in Fig. 4. A
maximum error of 0.1% was specified. The pore-
water pressure distribution and flow vectors under
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Figure 4. Geometry, boundary conditions and the finite element mesh for the steady state seepage example
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Figure 5. Pore-water pressure distribution and flow vectors for steady state seepage example

steady state seepage are shown in Fig. 5 for different
forms of data input. The position of the total head
contours and phreatic lines are the same for all per-
meability functions.

The coefficient of permeability function does not
need to be specified precisely when computing the
distribution of pore-water pressure. Therefore, an
approximate permeability function is adequate for
analysis purposes. However, the quantity of flux
through a section is slightly different, as shown in
Table 2. The differences shown in Table 2 are not
significant from an engineering standpoint and the
results would indicate that any one of several possi-
ble permeability functions would yield satisfactory
results.

Table 2. Value of flux quantities using various permeabil-
ity functions

Functions Quantity of flux  Deviation
(x 107 m’fs) (%)
Gardner 7.449 0.8
vanh Genuchten-Burdine 7.432 0.5
van Genuchten-Mualem 7.430 0.5
Fredlund & Xing 7.376 0.2
Linear interpolation 7.272 1.6
Average 7.392 0

(2) Transient state seepage example

The second example is presented to show the differ-
ent forms that can be used to input the coefficient of
water storage when analyzing transient seepage
through an isotropic earth dam with a horizontal
drain. The base of the dam is selected as the datum,
Initially, the dam is at steady-state conditions with
the reservoir water level of 4 m above the datum. At
a time assumed to be equal to zero, the water ievel
in the reservoir is instantaneously raised to a level of
10 m above the datum,

Gardner (1958) equation is used to describe the
permeability function. The water storage function is
obtained by differentiating the soil-water character-
istic curve. The soil-water characteristic curve is de
scribed using the van Genuchten (1980) equation,
the extended error function, the Fredlund and Xing
(1994) equation and the step-wise values. The pa-
rametric study was done to find out the best-fit pa-
rameters for the water storage function using Math-
Cad program. The software, SoilVision (1998) can
also be used for this purpose. The derivatives of the
soil-water characteristic curve with respect to matric
suction and their best-fit values are shown in Table
3 and Fig. 6.



Table 3. Water storage functions and fitted parameters for transient seepage analyses
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Figure 6. Water storage functions for transient seepage analyses

The geometry and boundary conditions for this
example are shown in Fig. 7. A steady-state condi-
tion with water level of 4 m is first performed in or-
der to get the distribution of initial pore-water pres-
sure head. A maximum error limit of 0.5% was
specified. The number of elements and nodes used
in running this process varies with time from 181 to
1006, and from 428 to 2215, respectively.

The pore-water pressure distributions and the
phreatic lines for elapsed time equal to 15 hours cor-
responding to different forms of inputting the data
are shown in Fig. 8. The results indicate that the wa-
ter storage functions defined are quite sensitive to
the transient state seepage predictions at early times,
The phreatic line obtained using various water stor-
age functions would be closer at latter time steps,
and approaches the same location at steady state
conditions. The solution of the problem at steady
state condition was presented previously in Fig. 5.

(3) Three-dimensional steady state seepage
example

The third example presents the steady-state seepage
modeling of a simulated tailings pit. The geometry
is highly irregular and soil properties range from a
fine silt material in the center of the basin to a
coarse gravel on the outer edges of the problem.
This problem is similar to the actual deposition of
typical tailings pits at various mine sites in northern
Canada. Tailings material is spigotted out over
dykes at the edge of the basin. Coarser material is
therefore deposited at the outer edges of the basin
while the fines travel to the center of the basin be-
fore falling out of solution.

This deposition process creates a problem with
complicated geometry and highly irregular soil
properties which was previously difficult to solve.
SVFlux simplifies the solution of such a problem by
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Figure 9. Three-dimensional steady state seepage example (Finite element mesh and the distribution of pressure head;
Top view of the finite element mesh; Side view with the distribution of pressure head; and Cross-sections with the dis-
tribution of pressure head.

allowing complex geometry to be input based on tions throughout the problem to model the flow of
survey data. Reasonable boundary conditions are  water. The resulting pressure heads for this problem
then added to the model as well as placing flux sec-  are presented in Fig. 9



5. CONCLUSION

General partial differential equation solvers and
SVFlux appeared to be useful tools for solving satu-
rated-unsaturated seepage problems. These pro-
grams are particularly well-suited for solving un-
saturated soils problems because of the attention
given to: i) ensuring convergence when solving non-
linear equations; ii) allowing material properties to
be input in a variety of forms; and iii) allowing ma-
terial properties to be non-linear in character.

It is possible to use a variety of formats for the
input of soil property functions. The formats for
data input can vary from being a series of data
points to a closed-form mathematical equation. In
addition, MathCad and SoilVision software can be
used in conjunction with SVFlux to compute ac-
ceptable mathematical functions for unsaturated soil
properties. Database program, SoilVision can be
used for the selection of the coefficient of perme-
ability and/or water storage functions for the analy-
sis when experimental data are not available.
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